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We report magnetoresistance measurements over an extensive temperature range �0.1�T�100 K� in a
disordered ferromagnetic semiconductor �Ga1−xMnxAs�. The study focuses on a series of metallic Ga1−xMnxAs
epilayers that lie in the vicinity of the metal-insulator transition �kFle�1�. At low temperatures �T�4 K�, we
first confirm the results of earlier studies that the longitudinal conductivity shows a T1/3 dependence, consistent
with quantum corrections from carrier localization in a “dirty” metal. In addition, we find that the anomalous
Hall conductivity exhibits universal behavior in this temperature range with no pronounced quantum correc-
tions. We argue that the observed scaling relationship between the low-temperature longitudinal and transverse
resistivity, taken in conjunction with the absence of quantum corrections to the anomalous Hall conductivity,
is consistent with the side-jump mechanism for the anomalous Hall effect. In contrast, at high temperatures
�T�4 K�, neither the longitudinal nor the anomalous Hall conductivity exhibit universal behavior, indicating
the dominance of inelastic-scattering contributions down to liquid-helium temperatures.
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I. INTRODUCTION

The anomalous Hall effect �AHE� refers to an excess
transverse Hall voltage arising from the influence of spin-
orbit coupling on the motion of charge carriers in a spin-
polarized metal. The phenomenon first attracted attention
several decades ago1–4 and still continues as an active area
for theoretical5–10 and experimental10–15 inquiry. Calculations
have identified two classes of underlying mechanisms for the
AHE: “extrinsic” contributions originating from the spin-
dependent scattering of carriers by impurities2,4 and “intrin-
sic” ones that involve the interaction of carrier spins with the
inherent crystal band structure.1,16 A number of experiments
have aimed to identify the mechanisms responsible for the
AHE in different materials �see Ref. 10 for a complete bib-
liography�. This is commonly addressed by examining a
scaling relationship of the form �xy��xx

� , where �xx and �xy
are the longitudinal and transverse resistivity, respectively.
Theory predicts �=2 for the intrinsic mechanism.1 In
the extrinsic case, the exponent depends on the nature of
the spin-dependent scattering mechanism: �=1 for skew
scattering2 and �=2 for the side-jump mechanism.4

Three regimes emerge from these experimental studies:10

�1� at low disorder, the scaling exponent �=1, suggesting
that the AHE is dominated by skew scattering; �2� at moder-
ate disorder, �=2, resulting in a Hall conductivity �xy which
is independent of disorder �since �xy=

�xy

�xx
2 �. This scaling is

consistent with both the intrinsic mechanism and the extrin-
sic side-jump mechanism but it is difficult to convincingly
distinguish between these using dc transport; and �3� at large
disorder, numerical calculations report ��1.6. While there
is no simple physical explanation for this behavior, this scal-
ing does appear to emerge from numerical calculations of the
anomalous conductivity in the hopping regime.7

A cautionary note arises in the interpretation of such ex-
perimental data: the analysis of the scaling relationship
should strictly be carried out at temperatures where impurity
scattering dominates and other inelastic processes �such as
scattering from spin waves� have been frozen out. In this

paper, we describe measurements of the AHE in a canonical
ferromagnetic semiconductor �Ga1−xMnxAs� over a large
temperature range �100 mK�T�150 K�. Our study is
restricted to samples whose resistivity lies in a regime
2��xx�10 m	 cm where other studies11,13 have observed
an AHE scaling exponent �=2 at T
4.2 K. These observa-
tions have been interpreted as an insensitivity to disorder and
thus as a signature of the intrinsic mechanism,11 in agree-
ment with theoretical predictions made in the disorder-free
limit.9 However, we argue that unlike metallic ferromagnets
where the Drude approximation works well at helium tem-
peratures, the complex nonmonotonic temperature depen-
dence of the resistivity in Ga1−xMnxAs provides strong mo-
tivation for systematic measurements at lower �dilution
fridge� temperatures where impurity scattering is dominant.
Our principal aim is to test the robustness of the scaling
relationship by examining it at such lower temperatures. Our
study also allows us to address another interesting question
that has thus far been ignored in Ga1−xMnxAs: what �if any�
are the quantum corrections to the anomalous Hall conduc-
tivity? This question is particularly germane within the con-
text of Ga1−xMnxAs, where the confluence of ferromag-
netism disorder and interactions invariably occurs in close
vicinity of the metal-insulator transition �MIT� �Ref. 17�.
Earlier studies6,18 on metallic ferromagnets in the weak-
disorder limit �kFle�1, where kF and le are the Fermi wave
vector and the elastic mean-free path, respectively� show that
the quantum correction to the anomalous Hall conductivity is
distinctly different for the skew-scattering and side-jump
mechanisms, thus providing an alternative route to test the
origin of the AHE. We are however unaware of any theoret-
ical calculations addressing the corresponding quantum cor-
rection for the intrinsic mechanism.

II. EXPERIMENTAL DETAILS

Our measurements center on a set of five Ga1−xMnxAs
samples grown by low-temperature molecular-beam epitaxy
with Mn composition in the range 0.028�x�0.078. The

PHYSICAL REVIEW B 82, 035205 �2010�

1098-0121/2010/82�3�/035205�6� ©2010 The American Physical Society035205-1

http://dx.doi.org/10.1103/PhysRevB.82.035205


samples are all 120 nm thick with the exception of the
sample with x=0.078 which is 50 nm thick. A detailed de-
scription of the growth and characterization of these samples
has been provided earlier.19,20 In order to generate a larger
phase space of conductivity, we measure both as-grown and
annealed pieces of these samples. The annealing is known to
simultaneously increase the hole density and decrease the
disorder by reducing the density of hole-compensating Mn
interstitial defects.19,20 Transport measurements are carried
out on lithographically defined Hall bars �400�100 
m2� in
a Quantum Design dilution refrigerator with the sample tem-
perature ranging from 100 mK to 4 K. �Although the nomi-
nal base temperature of the dilution fridge is 50 mK, we find
that samples do not cool down efficiently below 100 mK and
thus exclude the corresponding data from our analysis.� We
measure longitudinal and transverse resistances simulta-
neously using a standard double lock-in technique with an ac
excitation of 100 nA �optimal for measuring the small Hall
signal while minimizing sample heating�. To avoid contribu-
tions to the small Hall voltage from the significantly larger
longitudinal voltage, we carry out measurements at positive
and negative applied magnetic field B=0.5 T �sufficient to
fully polarize magnetic domains� and use the standard anti-
symmetrization procedure. We note that—due to the large
hole density �p
1020 cm−3�—the contribution of the ordi-
nary Hall effect is negligible compared to the AHE. Since
our analysis relies on knowledge of the hole carrier density,
we also note that the values used here are determined using
Raman measurements,21 reducing the uncertainties that are
typically involved in deducing the carrier density in the pres-
ence of the AHE.

III. QUANTUM CORRECTIONS TO THE LONGITUDINAL
CONDUCTIVITY

We first address the temperature dependence of the zero-
field conductivity ��xx=1 /�xx� shown in Fig. 1�a� for two
extremes in our sample set: the as-grown sample with x
=0.028 has the lowest value of �xx while the annealed
sample with x=0.078 has the highest �xx. An unbiased fit of
the data to the functional form: �xx�T�=�o+ATn with the
exponent n as a free-fitting parameter, yields 0.2�n�0.4 for

different samples. Based on the known functional forms for
the temperature dependence of �xx in three dimensional �3D�
disordered systems, combined with earlier analyses of
Ga1−xMnxAs �Ref. 22�, In1−xMnxAs, �Ref. 23�, and �nonmag-
netic� n-GaAs �Ref. 24�, we conclude that our data is most
appropriately described by n=1 /3. Indeed, a plot of �xx vs
T1/3 shows a linear dependence over almost two decades of
variation in T �Fig. 1�b��. As we discuss below, the T1/3

dependence of conductivity in 3D disordered systems has
been predicted within the context of the scaling theory of
localization in the “dirty-metal” regime.25 We note that other
studies of the temperature-dependent conductivity in
Ga1−xMnxAs have taken a different interpretation, assigning
a �xx�T1/2 dependence which arises from electron-electron
interactions.26 However, forcing a T1/2 fit to our data yields a
systematic variation in the residual plot, leading us to dis-
count this dependence as providing a physically meaningful
description of the data. We also note that the �T1/2 depen-
dence is derived from perturbative calculations that apply
only to weakly disordered systems �kFle�1� while even the
best Ga1−xMnxAs samples fabricated to date are highly dis-
ordered and always close to the MIT. For the samples studied
here, we estimate Drude values of le�0.5–1.3 nm and
kFle�1–2 using the extrapolated zero-temperature values of
�xx.

As first pointed out by Altshuler and Aronov,25 in the
vicinity of the MIT, the disorder-dependent correlation
length is larger than relevant temperature-dependent length
scales, resulting in a temperature variation in the scale de-
pendence of the diffusion constant D �Ref. 27�. This con-
trasts with the weak-disorder regime where D is independent
of temperature. One possibility is that the dominant
temperature-dependent length scale is the interaction length
defined as LT=��D /kBT: physically, this characterizes the
length over which coherence is maintained during the elastic
scattering of quasiparticles that lie within kBT of the Fermi
energy. In this case,28 the prefactor of T1/3 is proportional to
the density of states N; specifically, A= �e2 /���Gc

2NkB�1/3,
where Gc is the critical conductance and kB is the Boltzmann
constant. Another possibility is that the dominant length
scale is the inelastic length lin=�D�� which characterizes the
diffusive motion of electrons between inelastic collisions.29

Here, the dephasing rate is ��
−1=aT and the prefactor of T1/3

is A= �e2 /���GcNakB�1/3. A relevant dephasing mechanism in
dirty metals is that due to the electron-electron interaction;30

in this case, a��kFle�−2. Hence, the prefactor A should de-
pend on both disorder and carrier density. We note that in
Ga1−xMnxAs other possible dephasing mechanisms may also
exist, including scattering from spin waves or from two-level
systems formed at Mn interstitial sites.31 However, we do not
anticipate an explicit dependence on disorder in the latter
cases.

Figure 2�a� plots the prefactor A as a function of the Mn
concentration �x� for both as-grown and annealed samples,
revealing a nonmonotonic dependence wherein A reaches a
minimum at x�0.056. Since Mn acts both as an accep-
tor that generates holes and also adds to the disorder in the
form of interstitials, we speculate that—for given growth
conditions—there exists an optimal Mn-doping level that
maximizes the carrier density and minimizes disorder.

FIG. 1. �Color online� �a� Plot of conductivity vs temperature on
a log scale for as-grown x=0.03 �diamonds� and annealed x=0.08
�circles� Ga1−xMnxAs. Solid lines represent fits to �xx�T�=�xx

0

+ATn. �b� Plot of conductivity of the same samples vs T1/3. Solid
lines are linear fits.
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Further—for a given Mn concentration—A is found to de-
crease upon annealing which is known to increase the hole
carrier density. This is inconsistent with the interaction pic-
ture that predicts A to increase if p increases. Thus, the data
in Fig. 2�a� indirectly suggest that A varies with disorder and
that the T1/3 dependence is possibly due to localization rather
than interactions.

Recent experiments on mesoscopic Ga1−xMnxAs
samples32,33 estimate inelastic path lengths lin�100 nm for
x=0.02 at 10 mK and for x=0.06 at 100 mK, respectively,
and a dephasing time �� that varies inversely with tempera-
ture at higher temperatures �T�1 K�. This places our
samples of thickness t=120 nm in the 3D regime �wherein
the film thickness exceeds the inelastic length lin� in the tem-
perature range of interest �100 mK�T�4 K�. Further, if
we compare these estimates for the inelastic path lengths
with our Drude estimates of the elastic path length, we find
that the condition lin� le is indeed satisfied in our samples.
Figure 2�b� plots the quantity N= ��A /e2�3 /Gc

2kB, as a func-
tion of p and kFle �inset�, where we use Gc=3�3 /2 �Ref. 28�.
Note that in the interaction picture,28 N is indeed the density
of states while in the localization case,29 N depends on both
density of states and disorder. As shown in Fig. 2, N does not
follow any systematic dependence on p and decreases with
increasing kFle �inset�, again supporting the localization pic-
ture �the t=50 nm samples do not follow the trend�.

IV. ABSENCE OF QUANTUM CORRECTIONS
TO THE ANOMALOUS HALL CONDUCTIVITY

We now address the quantum corrections to �xy by using
the temperature variation in �xx and �xy. We find that for all
our samples, both �xx and �xy increase monotonically with
decreasing temperature in the range 100 mK�T�4 K and
we observe that the temperature dependence can be fit to the
functional form �ij�T�=�ij

0 +AjT
1/3. Thus at T=0 K, the re-

sistivity extrapolates to a finite �ij
0 and is found to be positive

for both longitudinal and Hall components for each sample.
To estimate the magnitude of the quantum corrections, we
examine the relative changes of the resistivity with respect to

the zero-temperature value �T�ij = ��ij�T�−�ij�0�� /�ij�0�. We
also examine the relative change in the anomalous Hall con-
ductivity calculated using �xy=�xy / ��xx

2 +�xy
2 �. Figures 3�a�

and 3�b� plot �T�xx, �T�xy, and �T�xy as a function of T1/3.
Linear fits to the data indicate that the slope �T�xy is double
that of �T�xx. Also, �T�xy does not show any pronounced
temperature dependence and is scattered around zero over
the temperature range. Using the approximation �xy
��xy /�xx

2 , it is easy to show that the following identity sum-
marizes the universal scaling behavior observed in all our
samples

�T�xy = 2�T�xx ⇒ �T�xy = 0. �1�

Thus, we report a key experimental finding: there are no
quantum corrections to �xy

AH in metallic Ga1−xMnxAs over the
temperature range of 100 mK�T�4 K where �xx exhibits
a finite-localization correction in the form of T1/3. We are not
aware of any theoretical calculations that support our find-
ings in this high-disorder regime. However, we note that cal-
culations of quantum corrections to the anomalous Hall con-
ductivity in weakly disordered ferromagnets6,8 do indeed
show that—in contrast to the skew-scattering mechanism—
the side-jump mechanism results in a negligible temperature
dependence of �xy. Speculating that the essential nature of
this low-disorder result is unchanged at high disorder, our
observations could be consistent with the side-jump mecha-
nism.

V. BEHAVIOR OF LONGITUDINAL AND ANOMALOUS
HALL CONDUCTIVITY AT HIGH TEMPERATURES

To further corroborate the uniqueness of the low-
temperature results described above, we carried out measure-
ments on our samples at higher temperatures �T
4.2 K�, up
to the Curie temperature TC of the samples. Not surprisingly,
we find that the universal scaling of �xx and �xy �which leads
to a constant �xy at low temperatures� breaks down at higher
temperatures. As is well known, the temperature dependence
of �xx shows a peak near TC and decreases to a minimum

FIG. 2. �Color online� �a� Prefactor A vs Mn concentration obtained from numerical fits of the conductivity data to �xx�T�=�xx
0

+AT1/3. �b� Experimental estimate of the density of states ��A /e2�3 /kB vs hole density. The solid line shows the expected value for a
free-electron gas. Inset shows the density of states versus kFle. The filled and open squares represent as-grown and annealed samples,
respectively.
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around T�8–15 K, showing a much weaker monotonic in-
crease with decreasing temperature. The temperature depen-
dence of �xx for T
4 K has recently been interpreted within
a scaling-analysis picture that takes into account the compe-
tition between localization and the onset of magnetic
ordering.34 However, the temperature dependence of �xy and
�xy has not been studied previously in great detail over a
wide range of samples. We find a nonuniversal behavior in
the relative scaling of �xx and �xy at high temperature. Fig-
ures 3�c� and 3�d� plot the temperature dependence of the
relative changes in �xx, �xy, and �xy with respect to their
values at T=4.2 K. For low Mn content samples, �xy de-
creases monotonically with increasing temperature in the re-
gime 4.2 K�T�TC, as shown in Fig. 3�d�. For higher Mn
content samples, the temperature variation in �xy is non-
monotonic over this temperature range. As shown in Fig.
3�c�, the relative changes in �xy and �xx increase with the
same rate up to T�90 K; at even higher temperatures, �xy
decreases rapidly as TC is approached. In both cases, magne-
tometry measurements �data not shown� show that the satu-
rated magnetization Ms decreases monotonically as T in-
creases. The observations are consistent with the view that in
low TC ferromagnets such as Ga1−xMnxAs, magnetic fluctua-
tions play an important role at high temperatures �T�8 K�
and dominate the temperature dependence of the resistivity.34

In such regimes, scattering from magnetic impurities may
contribute to the AHE with �xy proportional to magnetic fluc-
tuations of the form ��M − �M	�3	. We speculate that this
“Kondo-type” AHE may be more relevant at high tempera-
tures.

In this high-temperature regime, �xy decreases monotoni-
cally for T
4.2 K, as shown in Figs. 3�c� and 3�d�. The
temperature dependence of �xx and �xy clearly demarcates
two regimes: at low temperature �T�4.2 K�, we find a uni-
versal behavior for the entire sample set arising from local-

ization corrections while at higher temperatures �T
�4.2 K�, the behavior is completely different and nonuni-
versal. Based on the above result, we argue that analyses of
the AHE scaling relationship in Ga1−xMnxAs are only mean-
ingful if they are carried out in the former low-temperature
regime. For instance, we obtain identical and consistent re-
sults if we carry out the scaling analysis using either the
extrapolated zero-temperature resistivities �obtained from the
T1/3 dependence of �xx and �xy� or using the resistivity value
measured at the base temperature of our dilution refrigerator
��100 mK� which is a stable, reproducible lowest tempera-
ture achievable. In both cases, the following results are found
to be the same. However, scaling carried out at higher tem-
peratures produces significant departures.

VI. SCALING ANALYSIS OF THE ANOMALOUS HALL
EFFECT AT LOW TEMPERATURES

We now discuss the scaling of our AHE data at low tem-
perature. We begin with the standard scaling relation of the
anomalous Hall resistivity normalized by the saturated mag-
netization Ms �anomalous Hall coefficient� Rs=�xy /Ms �Fig.
4�a��. A log-log plot of Rs vs �xx shows a linear dependence
indicative of a power-law behavior of the form Rs��xx

� . Lin-
ear fits to the data yield an exponent of �=2.07�0.09. This
implies that within experimental error Rs / ��xx

o �2=�xy
o /Ms is

independent of the variation in the hole carrier density p and
disorder in the sample set under consideration. However, un-
like metallic systems where the above result can perhaps be
directly interpreted as a manifestation of the side-jump
mechanism, the situation in Ga1−xMnxAs is more complex
and requires further examination. This is because the varia-
tion in Mn composition between different samples and the
annealing of a given sample results in a simultaneous varia-

FIG. 3. �Color online� Relative changes in the longitudinal resistivity �diamonds�, the anomalous Hall resistivity �circles�, and the
anomalous Hall conductivity �triangles� for two Ga1−xMnxAs samples. In �a� and �b�, these are plotted as a function of T1/3 for 0.1�T
�4 K. Solid lines are linear fits to the data. In �c� and �d�, these quantities are plotted vs T for T
4 K.
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tion in the magnetization, the hole carrier density and the
point defect density.

In ferromagnetic metals, the magnetization arises directly
from the spin imbalance in the conduction band while the
AH voltage arises from spin-dependent scattering and is di-
rectly proportional to the magnetization. In contrast,
Ga1−xMnxAs is not a band ferromagnet and the magnetiza-
tion is due to the ferromagnetically coupled localized mo-
ments on the substitutional Mn atoms. However, the valence
band in Ga1−xMnxAs has a high degree ��90%� of spin
polarization.35,36 Consequently, if we assume that the net
spin imbalance is proportional to the exchange field experi-
enced by the carriers and hence the magnetization �p↑− p↓
�Ms�, we encounter a situation similar to a metal as far as
the AHE is concerned. Thus, the result shown in Fig. 4�a�
can indeed be interpreted as a manifestation of the side-jump
mechanism. We estimate the AH conductivity for the side-
jump mechanism using the simplified expression for a fully
spin-polarized single-band system: �xy= �e2 /���p�SJ /kF�
�Ref. 4�. Using typical values for the carrier density of
Ga1−xMnxAs in the range of 1020–1021 /cm3, we estimate
�xy

SJ �13–63 	−1 cm−1 �using �SJ=0.1 nm� which is of
same order of magnitude as our experimental values of
10–22 	−1 cm−1.

To further explore the picture of the side-jump mechanism
assuming full spin polarization of carriers, we examine the
scaling behavior of the AH resistivity. If the side-jump
mechanism indeed contributes to the AH conductivity
through the expression given earlier, then we expect that
�xy

o / p2/3� ��xx
o �2 �Ref. 2� �assuming for simplicity a free-

electron dependence kF= �3�2p�1/3�. Figure 4�b� shows a plot
testing this scaling: excluding the three lowest resistivity
samples, a linear fit to the data yields an exponent of �
�2.02�0.2, implying both that �xy is independent of disor-
der and that the data are consistent with the side-jump
mechanism. The fact that the high p samples deviate down-
wards from the linear dependence is due to the overestima-
tion of the net spin imbalance in the single-band approxima-
tion: strictly speaking, the analysis in Fig. 4�b� should be

carried out with the net carrier spin imbalance �p↑− p↓� rather
than the total carrier density p. From the fitting parameters,
we estimate the side-jump length to be �0.07�0.04� nm.

Much interest has been generated by the theoretical
prediction9 of “dissipationless” anomalous Hall current in
Ga1−xMnxAs, originating from purely band structure effects
even in the absence of impurity scattering. Calculations in
the disorder-free case successfully predict the qualitative fea-
tures of the AHE �the sign and rough magnitude of �xy�
in different III-V diluted magnetic semiconductors. As men-
tioned earlier, recent experiments11,13 carried out at high tem-
peratures �T�10–15 K� have been interpreted using this
picture of an intrinsic AHE in Ga1−xMnxAs, albeit with the
idealized assumption that compensation is absent. In our
sample set, we estimate p to be in the range of 10–60 % of
the total Mn-dopant concentration, indicating a high degree
of compensation due to the presence of interstitials. The only
exception was the annealed sample of x=0.078 with a thick-
ness of 50 nm that is found to be close to the limit of no
compensation. Thus, our data cannot provide a rigorous test
of the validity of the intrinsic-mechanism scenario.

VII. CONCLUSIONS

To conclude, we have carried out a systematic study of the
temperature-dependent longitudinal and anomalous Hall con-
ductivity in a ferromagnetic semiconductor close to the the
metal-insulator transition. We find that carrier localization
rather than interaction effects provide the dominant quantum
correction to �xx while our data show no quantum correc-
tions to �xy. Further, we find that the absence of temperature
dependence in �xy and the scaling relationship between �xy
and �xx is consistent with the side-jump mechanism for the
AHE. However, a more rigorous interpretation of these ex-
perimental observations will require more detailed calcula-
tions for the AHE in Ga1−xMnxAs that explicitly take into
account the high degree of disorder in the samples.

FIG. 4. �Color online� �a� Zero-temperature AH resistivity normalized by magnetization vs the zero-temperature longitudinal resistivity
and �b� Zero-temperature AH resistivity normalized by magnetization vs p2/3. Linear fits to these log-log plots indicate power-law depen-
dence with exponents given by the slopes. Closed �open� symbols represent as-grown �annealed� samples.
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